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EXISTENCE OF SOLUTIONS FOR A CLASS OF MULTIVALUED
FUNCTIONAL INTEGRAL EQUATIONS OF VOLTERRA TYPE VIA THE
MEASURE OF NONEQUICONTINUITY ON THE FRÉCHET SPACE C(Ω,E)
RADOSŁAW PIETKUN
Abstract. The existence of continuous not necessarily bounded solutions of nonlinear
functional Volterra integral inclusions in infinite dimensional setting is shown with the aid
of the measure of nonequicontinuity. New abstract topological fixed point results for ad-
missible condensing operators are introduced. Weak compactness criterion in the space of
locally integrable functions in the sense of Bochner is set forth. Some examples illustrating
the usefulness of the presented approach are also included.
1. Introduction
There is a long practice of proving the existence of continuous solutions to integral
equations of Volterra type. The authors of [8] came up with the idea of application of a
measure of non-compactness defined on BC(R+) to demonstrate the existence of solutions
to Volterra integral equation of the form
(1) x(t) = f (t, x(t)) +
∫ t
0
u(t, s, x(s)) ds, t > 0.
This approach turned out to be very prolific and resulted in many articles patterned on the
above, to a greater or lesser extent ([1, 2, 3, 4, 7, 13, 17] to name some). All the afore-
mentioned papers have one unpleasant, from the practical point of view, feature, namely
they are focused on the case of a scalar univalent equation and they narrow the solutions’
search region to the Banach space BC(Ω). In this article, we get rid of the assumption of
one-dimensionality and univalency of the Volterra equation and we allow the existence of
unbounded solutions. Considered here set-valued variant of equation (1) has basically the
following form
(2) u(x) ∈ G
(
x, u(x),
∫
Λ(x)
k(x, y)F(y, u(y)) dy
)
, x ∈ Ω
with G : Ω × E × E ⊸ E, F : Ω × E ⊸ E and Λ : Ω ⊂ RN → L(RN). Caused by technical
and competency restrictions we formulate sufficient conditions for the existence of con-
tinuous solutions to inclusion (2) in three particular cases framed in equations (12), (27)
and (33). The proofs of theorems regarding these equations boil down to the showing of
fixed point existence of suitable operators, whose admissibility allows the application of
Sadovskiı˘ type fixed point result (Theorem 1). The assumption (F5) regarding the multi-
valued perturbation F poses a substitute of compactness in the space E which, along with
the quasi-Lipschitzeanity of the external operator g gives the opportunity of showing that
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the superposition Ng ◦ (I × (V ◦ NF )) of the Nemytskiıˇ operators Ng and NF with the inte-
gral Volterra operator V is condensing with respect to some measure of non-compactness
defined on the Fréchet space C(Ω, E). In the existing situation, it is quite natural to accept
that the Nemytskiıˇ operator NF maps the space C(Ω, E) onto the Fréchet space L1loc(Ω, E).
The justification of the admissibility of operator V ◦ NF forces the formulation of legible
criteria of weak compactness in the space L1loc(Ω, E). This was done in Theorem 6. Taking
into account some specific assumptions regarding the geometry of the Banach space E,
this result generalizes the well-known Theorem 3. The article is complemented by four
examples well illustrating the advantage of the formulated results over those published
previously.
Let us introduce some notations which will be used in this paper. Let (E, |·|) be a Banach
space, E∗ its normed dual and (E,w) the space E furnished with the weak topology.
The normed space of bounded linear operators S : E → E is denoted by L(E). Given
S ∈ L(E), ||S ||L is the norm of S . For any ε > 0 and A ⊂ E, B(A, ε) (D(A, ε)) stands for an
open (closed) ε-neighbourhood of the set A. If x ∈ E we put dist(x, A) := inf{|x − y| : y ∈
A}. Besides, for two nonempty closed bounded subsets A, B of E the symbol h(A, B)
stands for the Hausdorff distance from A to B, i.e. h(A, B) := max{sup{dist(x, B) : x ∈
A}, sup{dist(y, A) : y ∈ B}}.
We use symbols of functional spaces, such as C(Ω, E), L1loc(Ω, E), L
∞(Ω, E∗), H2(Rn),
(Lp(Ω, E), || · ||p), in their commonly accepted meaning.
Given metric space X, a set-valued map F : X ⊸ E assigns to any x ∈ X a nonempty
subset F(x) ⊂ E. F is (weakly) upper semicontinuous, if the small inverse image F−1(A) =
{x ∈ X : F(x) ⊂ A} is open in X whenever A is (weakly) open in E. We say that F : X ⊸ E
is upper hemicontinuous if for each x∗ ∈ E∗, the function σ(x∗, F(·)) : X → R ∪ {+∞} is
upper semicontinuous (as an extended real function), where σ(x∗, F(x)) = sup
y∈F(x)
〈x∗, y〉. We
have the following characterization: a map F : X ⊸ E with convex values is weakly upper
semicontinues and has weakly compact values iff given a sequence (xn, yn) in the graph
Gr(F) of map F with xn
X−−−→
n→∞
x, there is a subsequence ykn
E−−−⇀
n→∞
y ∈ F(x) (⇀ denotes the
weak convergence). The set of all fixed points of the map F : E ⊸ E is denoted by Fix(F).
Let H∗(·) denote the Alexander-Spanier cohomology functor with coefficients in the
field of rational numbers Q (see [22]). We say that a topological space X is acyclic if the
reduced cohomology H˜q(X) is 0 for any q > 0.
An upper semicontinuous map F : E ⊸ E is called acyclic if it has compact acyclic
values. A set-valued map F : E ⊸ E is admissible (in the sense of [16, Def.40.1]) if there
is a Hausdorff topological space Γ and two continuous functions p : Γ → E, q : Γ → E
from which p is a Vietoris map such that F(x) = q(p−1(x)) for every x ∈ E. Clearly, every
acyclic map is admissible. Moreover, the composition of admissible maps is admissible
([16, Th.40.6]).
A real function β defined on the family of bounded subsets Ω of E defined by the
formulae
β(Ω) := inf{ε > 0 : Ω admits a finite covering by balls of a radius ε}
is called the Hausdorff measure of non-compactness (MNC). Recall that this measure is
regular, monotone, nonsingular, semi-additive, algebraically semi-additive and invariant
under translation (for details see [5]).
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2. Fixed point results
Our fixed point results rely on the concept of an abstract measure of non-compactness.
That is why we will start from
Definition 1. A set function µ : B(F)→ P, defined on the familyB(F) of bounded subsets of
the Fréchet space F with values in a positive cone P of some partially ordered vector space
(E,>), is called a measure of non-compactness, if the following conditions are satisfied:
(i) µ({x0} ∪ Ω) = µ(Ω) for every x0 ∈ F and every Ω ∈ B(F),
(ii) µ(Ω) = µ(Ω) for every Ω ∈ B(F),
(iii) µ(co Ω) = µ(Ω) for every Ω ∈ B(F).
Having established axioms of the measure µ, we can formulate fixed point theorems for
admissible condensing set-valued operators defined on the Fréchet space:
Theorem 1. Let X be a nonempty closed convex and bounded subset of a Fréchet space F
and µ : B(F)→ P an MNC on F in the sense of Definition 1. Assume that F : X ⊸ X is an
admissible set-valued operator satisfying
(3) ∃ f ∈ Φ∀Ω ⊂ X Ω noncompact⇒ f ( µ(F(Ω)), µ(Ω)) ∈ P \ {0},
where
Φ :=
{
f : P2 → (E,>) : ∆P2 ⊂ f −1(−P)
}
.
Then Fix(F) is nonempty and compact.
Proof. Fix an arbitrary x0 ∈ X. Consider a family {Tα}α∈A of all fundamental subsets of the
multimap F containing x0. Recall after Krasnosel’skiı˘ that the closed convex set T ⊂ X is
fundamental if F(T ) ⊂ T and for any x ∈ X, it follows from x ∈ co (F(x) ∪ T ) that x ∈ T .
Observe that family {Tα}α∈A is nonempty (take for example X). Define T := ⋂
α∈A
Tα. Next,
note that T and co(F(T ) ∪ {x0}) are fundamental. Whence, T = co(F(T ) ∪ {x0}).
If T is noncompact, then f ( µ(F(T )), µ(T )) ∈ P \ {0} for some f ∈ Φ. Invoking the very
definition of an MNC (Definition 1.), we arrive at
µ(F(T )) = µ({x0} ∪ F(T )) = µ(co({x0} ∪ F(T ))) = µ(T ).
The latter means that f ( µ(F(T )), µ(T )) ∈ −P, in view of the definition of the class Φ. We
reached the contradiction, since P is pointed. Consequently, T must be compact.
By virtue of the Dugundji Extension Theorem the domain T is an absolute extensor for
the class of metrizable spaces. Therefore, the set-valued map F : T ⊸ T must have at least
one fixed point x ∈ T , in view of [15, Th.7.4]. Moreover, Fix(F) forms a closed subset of
the compact domain T . 
The corresponding continuation variant of the above fixed point theorem contains the
following:
Theorem 2. Let X be a nonempty closed convex and bounded subset of a Fréchet space
F and µ : B(F) → P an MNC on F within the meaning of Definition 1, which has an
additional property of being monotone. Assume that U is relatively open in X and its
closure is a retract of X. Assume further that F : U ⊸ X is an admissible set-valued map
and for some x0 ∈ U the following two conditions are satisfied:
(4) ∃ f ∈ Φ˜∀Ω ⊂ U Ω noncompact⇒ f ( µ(F(Ω)), µ(Ω)) ∈ P \ {0},
where
Φ˜ :=
{
f : P2 → (E,>) : {(x, y) ∈ P2 : x − y ∈ P} ⊂ f −1(−P)
}
,
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and
(5) x < (1 − λ)x0 + λF(x) on U \ U for all λ ∈ (0, 1).
Then Fix(F) is nonempty and compact.
Proof. Keeping the notation and notions contained in the proof of [21, Th.3.], consider
a family {Tα}α∈A of all fundamental subsets of previously defined multimap F˜ : X ⊸ X
containing x0. Let T :=
⋂
α∈A
Tα. As we have noted previously, T = co(F˜(T ) ∪ {x0}).
If T ∩U is noncompact, then f (µ(F(T ∩ U)), µ(T ∩ U)) ∈ P \ {0}, by (4). On the other
hand
T ∩ U ⊂ T = co(F˜(T ) ∪ {x0}) = co(F(T ∩U) ∪ {x0}),
which means that µ(F(T∩U))−µ(T∩U) ∈ P. Thus, f (µ(F(T∩U)), µ(T∩U)) ∈ −P, by the
very definition of the class Φ˜. Therefore, T ∩U must be compact. Since F is admissible,
T is compact as well. As we have seen in the proof of [21, Th.3.], F˜ : T ⊸ T is also an
admissible multimap.
Once more, in view of [15, Th.7.4], the set-valued map F˜ : T ⊸ T must have at least
one fixed point x ∈ T . Observe that Fix(F˜) = Fix(F). 
Example 1. Let E := RN be a linear space of all scalar valued sequences endowed with
the natural pointwise order and P = RN+ . Define f : P
2 → (E,>) in the following way
(6) f
(
(xn)
∞
n=1, (yn)
∞
n=1
)
:= (knyn − xn)∞n=1,
where (kn)∞n=1 ∈ (0, 1)N. Then f ∈ Φ˜ ⊂ Φ.
3. Weak compactness in L1loc(Ω, E)
The most known up to date result regarding weak compactness in the Bochner space
L1(E) is the following conclusion stemming from the celebrated Rosenthal’s dichotomy
theorem:
Theorem 3 ([24, Cor.9]). Let (Ω,Σ, µ) be a finite measure space with µ being a nonatomic
measure on Σ. Let A be a uniformly p-integrable subset of Lp(Ω, E) with p ∈ [1,∞).
Assume that for a.a. ω ∈ Ω, the set { f (ω) : f ∈ A} is relatively weakly compact in E. Then
A is relatively weakly compact.
With the aid of the Grothendieck’s lemma and the following generalization of the Riesz
representation theorem
Theorem 4 ([14, Th.3.2.]). Let p ∈ [1,∞) and p−1 + q−1 = 1. If (Ω,Σ, µ) is a σ-finite
measure space and E is a Banach space such that E∗ has the Radon-Nikodym property,
then Lp(Ω, E) and Lq(Ω, E∗) are isometrically isomorphic under the correspondence l ∈
Lp(Ω, E)∗ ↔ g ∈ Lq(Ω, E∗) defined by
l( f ) =
∫
Ω
〈 f (ω), g(ω)〉 µ(dω), f ∈ Lp(Ω, E).
we are able to prove Theorem 3 in the context of a σ-finite measure space.
Theorem 5. Let p ∈ [1,∞). Let (Ω,Σ, µ) be a σ-finite measure space with µ being a
nonatomic measure on Σ. Assume that E is a Banach space such that E∗ has the Radon-
Nikodym property. If A is a uniformly p-integrable subset of Lp(Ω, E) with relatively
weakly compact cross-sections A(ω) for a.a. ω ∈ Ω, then A is relatively weakly compact.
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Proof. Let {Ωk}∞k=1 be an increasing family such that Ω =
∞⋃
k=1
Ωk and µ(Ωk) < ∞. Clearly,(
Ωk,Ωk ∩ Σ, µ Ωk∩Σ
)
is a finite measure space with µ
Ωk∩Σ being nonatomic measure on
Ωk ∩ Σ. In view of [24, Cor.9], Ak := A Ωk is a relatively weakly compact subset of
Lp
(
Ωk,Ωk ∩ Σ, µ Ωk∩Σ; E
)
. Put A˜k := { f1Ωk : f ∈ Ak}. Consider an arbitrary ( fn1Ωk )∞n=1 ⊂
A˜k. We may assume, passing to a subsequence if necessary, that fn
Lp(Ωk ,E)−−−−−−⇀
n→∞
f ∈ Ak. Take
ζ ∈ Lp(Ω, E)∗. In view of [14, Th.3.2.], there exists ξ ∈ L pp−1 (Ω, E∗) such that
〈ζ, fn1Ωk〉 =
∫
Ω
〈ξ(ω), fn1Ωk (ω)〉 dµ
=
∫
Ωk
〈ξ
Ωk
(ω), fn(ω)〉 dµ −−−→
n→∞
∫
Ωk
〈ξ
Ωk
(ω), f (ω)〉 dµ =
∫
Ω
〈ξ(ω), f
Ωk
(ω)〉 dµ
with ξ
Ωk
∈ L pp−1 (Ωk, E∗). Hence, fn1Ωk
Lp(Ω,E)−−−−−⇀
n→∞
f1Ωk ∈ A˜k. In other words, the set A˜k is
relatively weakly compact in Lp(Ω, E).
Since µ(Ω \Ωk) −−−→
k→∞
0, we have
lim
k→∞
sup
f∈A
∫
Ω\Ωk
| f (ω)|p dµ = 0.
The latter means that for all ε > 0 we can find k0 ∈ N such that
∫
Ω\Ωk0
| f (ω)|p dµ < ε for all
f ∈ A. Fix ε > 0. One easily sees that
sup
f∈A
wwwwwwww f −
(
f
Ωk0
)
1Ωk0
wwwwwwww
p
p
= sup
f∈A
∫
Ω\Ωk0
| f (ω)|p dµ < ε.
Consequently, A ⊂ A˜k0 + B(0, ε) with A˜k0 being relatively weakly compact in Lp(Ω, E). By
virtue of Grothendieck’s Lemma, the set A must be relatively weakly compact. 
Let Ω ⊂ RN be open (not necessarily bounded) and L(RN) be the Lebesgue σ-field.
Let ρ : L(RN) × L(RN) → R+ be a pseudometric, given by ρ(A, B) := ℓ(A△B). Assume
once and for all that Λ : Ω→ L(RN) is ρ-continuous and maps bounded sets into bounded
subsets of Ω.
By the exhaustion of the domain Ω we mean any increasing sequence (Ωn)∞n=1 of open
bounded subsets, which cover Ω. In this instance, the family of rings {Ω˜n}∞n=1 with Ω˜n :=
clΩ(Ωn) \Ωn−1 poses a compact partitioning of the set Ω.
Lemma 1. Let (Ωn)∞n=1 be an exhaustion of Ω. The spaces L
p
loc (Ω, E) and
∞∏
n=1
Lp(Ω˜n, E)
are isomorphic.
Proof. DefineΦ : Lploc (Ω, E)→
∞∏
n=1
Lp(Ω˜n, E) by Φ( f ) =
(
f
Ω˜n
)∞
n=1
. The only non-obvious
property of the isomorphism Φ is surjectivity. Assume that ( fn)∞n=1 ∈
∞∏
n=1
Lp(Ω˜n, E). Let
f : Ω → E be given by f
Ω˜n
:= fn for n > 1. Since fn ∈ Lp(Ω˜n, E), there exists a sequence
(gkn)
∞
k=1 of simple functions such that g
k
n(x)
E−−−→
k→∞
fn(x) for x ∈ Ω˜n \ In with ℓ(In) = 0. Let
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gk : Ω → E be given by gk :=
∞∑
n=1
gkn1Ω˜n . Obviously, gk is countably valued and strongly
measurable. Since gk(x)
E−−−→
k→∞
f (x) for x ∈ Ω\
∞⋃
n=1
In with ℓ
( ∞⋃
n=1
In
)
= 0, the mapping f must
be strongly measurable. If K ⊂ Ω is compact, then there is n ∈ N such that K ⊂ clΩ(Ωn)
and ∫
K
| f (x)|p dx 6
∫
clΩ(Ωn)
| f (x)|p dx =
n∑
k=1
∫
Ω˜k
| fk(x)|p dx =
n∑
k=1
|| fk||p
Lp(Ω˜k ,E)
< ∞.
Whence, f ∈ Lploc (Ω, E) and Φ( f ) = ( fn)∞n=1. 
Lemma 2. Assume (E). If
L∞c (Ω, E
∗) := {g ∈ L∞(Ω, E∗) : ess supp(g) is compact },
then
L1loc(Ω, E)
∗ =
{
ϕ : L1loc (Ω, E)→ R : ∃ g ∈ L∞c (Ω, E∗) ∋ ϕ( f ) =
∫
Ω
〈g(x), f (x)〉 dx
}
.
Proof. Assume that ϕ : L1loc (Ω, E) → R is given by ϕ( f ) :=
∫
Ω
〈g(x), f (x)〉 dx for some
g ∈ L∞(Ω, E∗) with || ess supp(g)||+ < +∞. Let (Ωn)∞n=1 be any exhaustion of Ω. Note that
there must be an n0 ∈ N such that ess supp(g) ⊂ clΩ(Ωn0). Therefore,∫
Ω
〈g(x), f (x)〉 dx =
∫
clΩ(Ωn0 )
〈g(x), f (x)〉 dx 6
∫
clΩ(Ωn0 )
|g(x)|| f (x)| dx
6 ||g||L∞(Ω,E∗ )|| f ||L1( clΩ(Ωn0 ),E) < ∞,
which means that the value ϕ( f ) is well-defined. If fk
L1loc(Ω,E)−−−−−−→
k→∞
f , then
|ϕ( fk) − ϕ( f )| 6 ||g||L∞(Ω,E∗)|| fk − f ||L1( clΩ(Ωn0 ),E) −−−→k→∞ 0.
Therefore, ϕ ∈ L1loc(Ω, E)∗.
Now, let us assume that ψ ∈ L1loc (Ω, E)∗. Since L1(Ω, E) →֒ L1loc (Ω, E) continuously,
ψ˜ := ψ
L1(Ω,E) ∈ L1(Ω, E)∗. In view of Theorem 4, there exists g ∈ L∞(Ω, E∗) such that
ψ˜( f ) =
∫
Ω
〈g(x), f (x)〉 dx
for f ∈ L1(Ω, E).
Let J : E∗ ⊸ E be defined by J(x∗) :=
{
x ∈ E : 〈x∗, x〉 = |x|2 = |x∗|2
}
, i.e. J is the
inverse of the duality map. Since E is strictly convex, J is a mapping. It can be shown
that J is demicontinuous. To this aim, assume that x∗n
E∗−−−→
n→∞
x∗0. The sequence (J(x
∗
n))
∞
n=1 is
relatively weak-∗ compact in the double dual E∗∗, thanks to Banach-Alaoglu theorem. In
other words, there exists y ∈ E∗∗ such that 〈x∗, J(x∗
kn
)〉 −−−→
n→∞
〈y, x∗〉 for every x∗ ∈ E∗. On
the one hand
(7) 〈y, x∗0〉 = lim
n→∞
〈x∗kn , J(x∗kn)〉 = limn→∞ |x
∗
kn
|2 = |x∗0|2.
On the other
(8) 〈y, x∗〉 = lim
n→∞
〈x∗, J(x∗kn)〉 6 limn→∞ |x
∗||J(x∗kn)| = |x∗||x∗0|
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for every x∗ ∈ E∗. From (7) and (8) it follows that |x∗0| 6 |y| and |y| 6 |x∗0|, respectively.
Thus, 〈y, x∗0〉 = |x∗0|2 = |y|2. This mean that y ∈ F (x∗0) with F : E∗ ⊸ E∗∗ being the
duality map. Since J(x∗0) ∈ F (x∗0) and E∗∗ has strictly convex norm, one gets y = J(x∗0).
Eventually, J(x∗n)
E−−−⇀
n→∞
J(x∗0).
Remind that Ω˜n := clΩ(Ωn) \Ωn−1. Suppose that there is a sequence
{
Ω˜mn
}∞
n=1
such that
an :=
∫
Ω˜mn
|g(x)| dx , 0.
If the space E is only strictly convex, then the strong measurability of the composite map
J ◦ g : Ω → E follows by the Pettis measurability theorem. When E is reflexive, we may
assume, renorming if necessary, that it has Kadets-Klee property. Therefore, also in this
case, one may assume that J ◦ g is strongly measurable. Observe that the formula
fn(x) :=

a−1
k
|J(g(x))|−1J(g(x)) on Ω˜mk for k = 1, . . . , n
0 elsewhere
makes sense almost everywhere on Ω. Thus, fn ∈ L1(Ω, E). One easily sees that
ψ˜( fn) =
∫
Ω
〈 fn(x), g(x)〉 dx =
n∑
k=1
a−1k
∫
Ω˜mk
|g(x)| dx = n.
Whence ψ( fn) −−−→
n→∞
+∞. Since fn
L1loc(Ω,E)−−−−−−→
n→∞
∞∑
n=1
a−1n |J(g(·))|−1(J ◦ g)1Ω˜mn , this contradicts
the continuity of the functional ψ. Therefore, there is N ∈ N such that
∫
Ω˜n
|g(x)| dx = 0 for
all n > N. Hence,
∫
Ω\ΩN−1 |g(x)| dx = 0, which means that g(x) = 0 a.e. onΩ \ clΩ(ΩN−1). It
follows that ess supp(g) ⊂ clΩ(ΩN−1), i.e. the support ess supp(g) must be bounded. Since
the subspace L1(Ω, E) is dense in L1loc (Ω, E), the functional ψ constitutes an element of the
set {
ϕ : L1loc (Ω, E)→ R : ∃ g ∈ L∞c (Ω, E∗) ∋ ϕ( f ) =
∫
Ω
〈g(x), f (x)〉 dx
}
.

The next result is a technical but crucial uplifting of Theorem 5 onto the case of Bochner
locally integrable functions.
Theorem 6. Assume (E). LetΩ ⊂ RN be open (not necessarily bounded) and L(RN) be the
Lebesgue σ-field. Let A be a locally integrably bounded subset of L1
loc
(Ω,L(RN)∩Ω, ℓ; E).
Assume that for a.a. x ∈ Ω, the set { f (x) : f ∈ A} is relatively weakly compact in E. Then
A is relatively weakly compact.
Proof. Let (Ωn)∞n=1 be any exhaustion of Ω. Consider a net (wσ)σ∈Σ ⊂ A. Observe that(
wσ Ω˜n
)
σ∈Σ as a net in L
1
(
Ω˜n, E
)
meets assumptions of Theorem 3. Thus, for each n ∈ N
there exists a directed set (Σn,4n) and a net (wσ′ )σ′∈Σn finer than the net (wσ)σ∈Σ, which
satisfies wσ′ Ω˜n
L1(Ω˜n ,E)−−−−−−⇀
σ′∈Σn
wn. We may assume w.l.o.g. that for every pair (n,m) ∈ N2 with
n > m the net (wσ′′ )σ′′∈Σn is finer than (wσ′ )σ′∈Σm i.e., there exists a nondecreasing function
ϕnm : Σn → Σm such that
(i) the range ϕnm(Σn) is cofinal in Σm,
(ii) ∀σ′′ ∈ Σn wσ′′ = wϕnm(σ′′).
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In other words, we are dealing with an inverse system {(Σn,4n), ϕnm : Σn → Σm} over the
set N. For each n > 1 define ϕn : Σn → Σ, by ϕn := ϕ1 ◦ ϕ21 . . . ◦ ϕn(n−1). Denote by
ψ : N ⊸
⋃∞
n=1 Σn a multimap such that ψ(n) := Σn. Let ϕ : Gr(ψ) → Σ be a function
defined by the formulae ϕ((n, σ)) := ϕn(σ). Observe that the set Gr(ψ) is directed by
the relation (n, σ) < (m, σ′)
def⇐⇒ n > m ∧ ϕnm(σ) <m σ′. It is easy to show that ϕ is
nondecreasing and satisfies conditions (i)–(ii). Therefore, the net (wσ′ )σ′∈Gr(ψ) is finer than
the initial net (wσ)σ∈Σ. Let w := (wn)∞n=1. Then w ∈ L1loc(Ω, E), by Lemma 1. We claim that
w is a cluster point of (wσ′ )σ′∈Gr(ψ) in the weak topology of the space L1loc(Ω, E).
Take ε > 0, g ∈ L1loc (Ω, E)∗ and (n, σ) ∈ Gr(ψ). Applying Lemma 2 (in a slightly
informal way), one sees that there is n0 > n such that ess supp(g) ⊂ clΩ(Ωn0). Since for
each k ∈ N one has wσ′ Ω˜k
L1(Ω˜k ,E)−−−−−−⇀
σ′∈Σk
wk, we infer that
sup
16k6n0
∣∣∣∣∣∣
∫
Ω˜k
〈
g
Ω˜k
(x),wϕ((n0,σ′))(x) − wk(x)
〉
dx
∣∣∣∣∣∣
(ii)
= sup
16k6n0
∣∣∣∣∣∣
∫
Ω˜k
〈
g
Ω˜k
(x),wϕ(n0)k(σ′) Ω˜k (x) − w
k(x)
〉
dx
∣∣∣∣∣∣ −−−−−→σ′∈Σn0 0.
Taking into account that ϕ(n0)n(Σn0) is cofinal in Σn and
∣∣∣∣〈g,wϕ((n0,σ′)) − w〉
∣∣∣∣ 6
n0∑
k=1
∣∣∣∣∣∣
∫
Ω˜k
〈
g
Ω˜k
(x),wϕ((n0,σ′))(x) − wn(x)
〉
dx
∣∣∣∣∣∣ ,
we see that there must be an index σ0 ∈ Σn0 such that (n0, σ0) < (n, σ) and∣∣∣∣〈g,wϕ((n0,σ0)) − w〉
∣∣∣∣ < ε.
In other words, wϕ((n0 ,σ0)) ∈ w + g−1((−ε, ε)).
Since w is a cluster point of (wσ′ )σ′∈Gr(ψ), it is also a cluster point of the net (wσ)σ∈Σ.
Therefore, the set A must be compact in the weak topology of the space L1loc(Ω, E). 
4. Solutions for functional integral inclusions of Volterra type
Let X be a topological space and E be a Banach space. The locally convex space
C(X, E) endowed with the compact-open topology is complete iff X is a k-space (see
[12, Th.3.3.21.]). If the space X is σ-compact, then the space C(X, E) can be metriz-
able in a standard manner. Therefore, the topological vector space C(Ω, E) endowed
with the compact-open topology is a Fréchet space. It is not normable, since the local
base
{
f ∈ C(X, E) : sup
x∈Ωn
| f (x)| < 1
n
}∞
n=1
, generated by any exhaustion (Ωn)∞n=1 ofΩ, has no
bounded elements.
Our standing hypothesis (E) on the space E is the following:
(i) either E is a separable strictly convex Banach space, E∗ has RNP and the bidual
E∗∗ is strictly convex
(ii) or E is a reflexive Banach space.
Remark 1. Separable reflexive Banach spaces meet assumption (i) (possibly after Troy-
anski’s renorming).
The notion of the eponymousmeasure of non-compactness is laid down by the following
definition:
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Definition 2. Let RN+ be the partially ordered linear space of all positively valued se-
quences. Assume that β : B(E)→ R+ is the ball measure of noncompactness on E, (Ωn)∞n=1
is some exhaustion of Ω and τ : Ω → R+ is a mapping. For each N ∈ N and every
L ∈ RN\{1,...,N−1}+ define the measure of nonequicontinuity νNL : B(C(Ω, E))→ RN\{1,...,N−1}+ in
the following way νN
L
(M) := ( βLn(M) + en(M))
∞
n=N
, where
βLn (M) := sup
x∈Ωn
e−Lnτ(x)β(M(x)) and en(M) := sup
x∈Ωn
lim sup
y→x
sup
f∈M
| f (x) − f (y)|.
Measure νN
L
constitutes an MNC in the sense of Definition 1. on the Fréchet space C(Ω, E)
endowed with the compact-open topology (cf. [6, Th.5.25]). Moreover, it is regular due to
the fact that Ω is a locally compact space ([19, Th.47.1]).
Let NF : C(Ω, E) ⊸ L1loc(Ω, E) be the Nemytskiıˇ operator corresponding to the mul-
timap F, i.e.
NF (u) :=
{
w ∈ L1(Ω, E) : w(x) ∈ F(x, u(x)) a.e. on Ω
}
.
Denote by V : L1loc(Ω, E)→ C(Ω, E) the Volterra integral operator, given by
V(w)(x) :=
∫
Λ(x)
k(x, y)w(y) dy.
Investigation of the existence of solutions for inclusion (2) focuses, to a large degree, on
the fact that the operator Ng ◦ (I × (V ◦ NF )) is νNL -condensing. Estimations, related to this
argumentation, set a certain technical limitation relating to the compatibility of dimensions
of the domain Ω and the Euclidean space, whose Lebesgue measurable subsets constitute
the codomain of the function Λ. In order to cope with this limitation, we introduce the
following
Definition 3. We say that the exhaustion (Ωn)∞n=1 is Λ-invariant, if each member Ωn of
(Ωn)∞n=1 is invariant under Λ. Denote by Ω(Λ) the class of Λ-invariant exhaustions of Ω.
Example 2 (the class of Λ-invariant exhaustions is nonvoid).
(a) Define Λ : intRN+ → L(RN) by the formulae Λ([x1, . . . , xN]) :=
N∏
i=1
(0, xi). Ob-
serve that Λ is ρ-continuous. Let (Σn)∞n=1 be any exhaustion of the domain intR
N
+ .
Put Ωn := Λ(Σn). Since Λ is idempotent, one has Λ(Ωn) = Ωn and
⋃∞
n=1Ωn =
Λ(intRN+ ) = intR
N
+ . Moreover, Ωn is precompact and Ωn ⊂ Ωn+1.
(b) Assume that Λ : Ω→ L(RN) is such that
∀ x ∈ Ω ||Λ(x)||+ 6 |x|
∀ x ∈ Ω, B(Λ(x), dist(x, ∂Ω)) ⊂ Ω.
The standard exhaustion (Ωn)∞n=1 of Ω is given by
Ωn :=
(
RN \ D(∂Ω, n−1)) ∩ B(0, n)∩ Ω.
Clearly, (Ωn)∞n=1 ∈ Ω(Λ).
(c) Assume that there is a point x0 ∈ RN such that
∀ x ∈ Ω sup
y∈Λ(x)
|y − x0| 6 |x − x0|,
Λ(Ω) ⊂ Ω.
Let (Ωn)∞n=1 be the exhaustion of Ω given by Ωn := B(x0, n) ∩ Ω. Observe that
(Ωn)∞n=1 ∈ Ω(Λ).
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The function τ appearing in the definition of the measure of nonequicontinuity must
also have some additional property enabling to demonstrate the auxiliary Lemma 3. This
property is described by the following
Definition 4. We will say that an usc mapping τ : Ω→ R+ \ {0} is Λ-admissible, if
(9) ∀ x0 ∈ Ω∀ δ > 0∃ x ∈ B(x0, δ) ∩ Ω sup τ(Λ(x) ∩ Λ(x0)) < τ(x0).
Denote by τ (Λ) the class of Λ-admissible mappings.
Example 3 (the class of Λ-admissible mappings is nonvoid).
(a) Let Λ : intRN+ → L(RN) be given by Λ([x1, . . . , xN]) :=
N∏
i=1
(0, xi). Define the
function τ : Ω→ R+ by the formulae τ := ℓ ◦ Λ. Then τ satisfies
|x| < |y| ⇒ τ(x) < τ(y)
∀ x ∈ Ω sup τ(Λ(x)) 6 τ(x)
i.e., τ ∈ τ (Λ).
(b) Assume that Λ : Ω→ L(RN) and an usc mapping ϕ : R+ → R+ \ {0} satisfy
∀ x ∈ Ω ||Λ(x)||+ 6 |x|
x < y⇒ ϕ(x) < ϕ(y).
Let τ : Ω→ R+ be such that τ(x) := ϕ(|x|). Clearly, τ ∈ τ (Λ).
Lemma 3. Let (Ωn)∞n=1 be an exhaustion ofΩ and τ ∈ τ (Λ). DefineΦ : R+×L1loc(Ω,R+)→
RN+ by the formulae
Φ(L, ζ)n := sup
x∈Ωn
e−Lτ(x)
∫
Λ(x)
eLτ(y)ζ(y) dy.
Then lim
L→+∞
Φ(L, ζ)n = 0 for each fixed (ζ, n) ∈ L1loc(Ω,R+) × N.
Proof. Firstly observe that eLτ(·)ζ(·) ∈ L1loc(Ω,R+) and
lim sup
x→x0

∫
Λ(x)
eLτ(y)ζ(y) dy −
∫
Λ(x0)
eLτ(y)ζ(y) dy
 6 limx→x0
∫
Λ(x)△Λ(x0)
eLτ(y)ζ(y) dy = 0.
It follows that Ω ∋ x 7→ e−Lτ(x)
∫
Λ(x)
eLτ(y)ζ(y) dy ∈ R+ is upper semicontinuous. Thus, it is
sufficient to check that
(10) lim
L→+∞
e−Lτ(x)
∫
Λ(x)
eLτ(y)ζ(y) dy = 0
for every fixed x ∈ Ω. So, let us take x0 ∈ Ω and ε > 0. Considering that Ω is open and Λ
is ρ-continuous, we may find x ∈ Ω for which
(11)
∫
Λ(x0)△Λ(x)
ζ(y) dy < ε
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and (9) is satisfied. Thus, we may estimate
0 6 lim
L→∞
e−Lτ(x0)
∫
Λ(x0)
eLτ(y)ζ(y) dy
6 lim
L→∞

∫
Λ(x0)\Λ(x)
eL(τ(y)−τ(x0))ζ(y) dy +
∫
Λ(x0)∩Λ(x)
eL(τ(y)−τ(x0))ζ(y) dy

6 lim
L→∞
eL(sup τ(Λ(x0))−τ(x0))
∫
Λ(x0)△Λ(x)
ζ(y) dy + eL(sup τ(Λ(x0)∩Λ(x))−τ(x0))
∫
Λ(x0)∩Λ(x)
ζ(y) dy

6
∫
Λ(x0)△Λ(x)
ζ(y) dy + lim
L→∞
exp(L(sup τ(Λ(x0) ∩ Λ(x)) − τ(x0)))||ζ ||L1(Λ(x0)∩Λ(x))
< ε
The latter implies (10). 
Let ∆ := {(x, y) ∈ Ω×Ω : y ∈ Λ(x)}. The domain∆ is nothing more than the graph Gr(Λ)
of Λ, if the latter is thought of as a set-valued map. We impose on the kernel k : ∆→ L(E)
of the Volterra integral operator V the following conditions
(k1) ∀ x ∈ Ω, k(x, ·) ∈ L∞(Λ(x),L(E)),
(k2) K ∈ C
(
Ω, L∞loc (Ω,L(E))
)
, where K is induced by the mapping k, i.e. K(x)(y) :=
k(x, y).
Remark 2. Endowed with the topology induced by a countable family of seminorms
|| f ||L∞n := || f (x)||L∞(Ωn ,L(E)), f ∈ L∞loc(Ω,L(E)),
with (Ωn)∞n=1 being an exhaustion of Ω, the space L
∞
loc
(Ω,L(E)) is locally convex and com-
pletely metrizable (i.e., a Fréchet space). By writing K(x) ∈ L∞(Ωn,L(E))we have in mind
the trivial extension by zero from Λ(x).
Remark 3. Observe that the difference between the two types of continuity of operator
K, i.e. between the assumption that K ∈ C (Ω, L∞(Ω,L(E))) and K ∈ C
(
Ω, L∞loc (Ω, E)
)
,
amounts to the difference between almost uniform convergence on the measure space Ω
and almost uniform convergence on every compact subset of Ω.
Remark 4. k ∈ C(∆,L(E))⇒ K ∈ C
(
Ω, L∞
loc
(Ω,L(E))
)
.
Our hypotheses on the multimap F : Ω × E ⊸ E have the following form:
(F1) for every (x, u) ∈ Ω × E the set F(x, u) is nonempty closed and convex,
(F2) the map F(·, u) has a strongly measurable selection for every u ∈ E,
(F3) the map F(x, ·) is upper hemicontinuous for a.a. x ∈ Ω,
(F4) there exists b ∈ L1loc(Ω) such that
||F(x, u)||+ 6 b(x)(1 + |u|) a.e. on Ω, for all u ∈ E,
(F5) there is a function η ∈ L1loc(Ω) such that for all bounded M in E and for a.a. x ∈ Ω
the inequality holds
β(F(x,M)) 6 η(x)β(M).
Regularity of the Niemytskiıˇ operator NF , necessary from our point of view, poses a
consequence of the following
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Lemma 4. Assume (E). Under conditions (F1)-(F5) the set–valued Nemytskiıˇ operator
NF : C(Ω, E) ⊸ L1loc(Ω, E) is a strict weakly upper semicontinuous set-valued map with
weakly compact convex values.
Proof. Assume that (Ωn)∞n=1 is an exhaustion ofΩ. Let u ∈ C(Ω, E) and un := u Ω˜n . There is
a sequence (un
k
)∞
k=1 of ℓ-simple functions, which converges to un in the norm of L
∞(Ω˜n, E).
In particular, for each n > 1 there exists a sequence (mn
k
)∞
n=1 such that u
n
mn
k
(x)
E−−−→
k→∞
un(x)
a.e. on Ω˜n. Accordingly to the assumption (F2) we can indicate a strongly measurable map
wn
mn
k
: Ω˜n → E such that wnmn
k
(x) ∈ F(x, un
mn
k
(x)) a.e. on Ω˜n. Since
sup
k>1
|wnmn
k
(x)| 6 sup
k>1
||F(x, unmn
k
(x))||+ 6 b(x)
(
1 + sup
k>1
||unmn
k
||L∞(Ω˜n,E)
)
a.e. on Ω˜n
and the slice
{
wn
mn
k
(x)
}∞
k=1 is relatively weakly compact in E as a subset of F
(
x, {un
mn
k
(x)}∞
k=1
)
,
it follows, from Theorem 3, that wn
mn
k
L1(Ω˜n,E)−−−−−−⇀
k→∞
wn, up to a subsequence. In view of the
convergence theorem ([20, Corollary 1]), wn(x) ∈ F(x, un(x)) for x ∈ Ω˜n \ In with ℓ(In) = 0.
Put w := (wn)∞
n=1. By Lemma 1, w ∈ L1loc(Ω, E). Observe that ℓ
( ∞⋃
n=1
In
)
= 0 and w(x) ∈
F(x, u(x)) for x ∈
∞⋃
n=1
Ω˜n \ In = Ω \
∞⋃
n=1
In. In other words, w ∈ NF (u).
Assume that un
C(Ω,E)−−−−−→
n→∞
u and wn ∈ NF (un) for n > 1. Clearly, the set {wn}∞n=1 is locally
integrably bounded and the the cross-section {wn(x)}∞n=1 is relatively weakly compact in
E for a.a. x ∈ Ω. Therefore, {wn}∞n=1 must be relatively weakly compact in L1loc(Ω, E),
by virtue of Theorem 6. Since L1loc(Ω, E) is metrizable locally convex space, it is weakly
angelic (see [11, Theorem 11]). Thus, {wn}∞n=1 is relatively sequentially compact in the
weak topology. We may assume, passing to a subsequence if necessary, that wn
L1loc(Ω,E)−−−−−−⇀
n→∞
w.
Since for each k > 1

un Ωk (x)
E−−−→
n→∞
u
Ωk
(x), for x ∈ Ωk
wn Ωk
L1(Ωk ,E)−−−−−−⇀
n→∞
w
Ωk
wn Ωk (x) ∈ F
(
x, un Ωk (x)
)
, a.e. on Ωk,
it follows that w
Ωk
(x) ∈ F(x, u
Ωk
(x)
)
a.e. on Ωk for every k > 1, by the convergence
theorem ([20, Corollary 1]). Eventually w ∈ NF (u), which means that the Nemytskiıˇ
operator NF is a weakly upper semicontinuous operator with weakly compact values. 
For the purpose of showing that V ◦ NF is upper semicontinuous we have to prove
Lemma 5. Assume that Ω(Λ) , ∅. Under conditions (k1)-(k2) the operator V is continu-
ous.
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Proof. Let (Ωn)∞n=1 ∈ Ω(Λ). Operator V is well-defined. Let xn
Ω−−−→
n→∞
x. Then
|V(w)(xn) − V(w)(x)| =
∣∣∣∣∣∣∣∣∣
∫
Λ(xn)
k(xn, y)w(y) dy −
∫
Λ(x)
k(x, y)w(y) dy
∣∣∣∣∣∣∣∣∣
6
∫
clΩ(Ωk)
∣∣∣k(xn, y)w(y)1Λ(xn) − k(x, y)w(y)1Λ(x)∣∣∣ dy
6
∫
clΩ(Ωk)
||k(xn, y) − k(x, y)||L(E)|w(y)| dy
+
∫
clΩ(Ωk)
||k(x, y)||L(E)|w(y)|1Λ(xn)△Λ(x)(y) dy
6 ||K(xn) − K(x)||L∞(clΩ(Ωk),L(E)) ||w||L1(clΩ(Ωk),E)
+ ||K(x)||L∞(clΩ(Ωk),L(E))
∫
Λ(xn)△Λ(x)
|w(y)| dy =: αn
with Λ
(
{xn}∞n=1
)
⊂ Ωk for some k ∈ N. Since K(xn)
L∞
(
clΩ(Ωk),L(E)
)
−−−−−−−−−−−−−→
n→∞
K(x) and Λ is continu-
ous, i.e. ℓ(Λ(xn)△Λ(x)) −−−→
n→∞
0, we see that αn −−−→
n→∞
0. Hence, V(w) ∈ C(Ω, E).
Suppose that wk
L1loc(Ω,E)−−−−−−→
k→∞
w. Fix an arbitrary n ∈ N. Then Λ(Ωn) ⊂ Ωn and
sup
x∈clΩ(Ωn)
|V(wk)(x) − V(w)(x)| = sup
x∈Ωn
|V(wk)(x) − V(w)(x)|
= sup
x∈Ωn
∣∣∣∣∣∣∣∣∣
∫
Λ(x)
k(x, y)wk(y) dy −
∫
Λ(x)
k(x, y)w(y) dy
∣∣∣∣∣∣∣∣∣
6 sup
x∈Ωn
∫
Λ(x)
||k(x, y)||L(E)|wk(y) − w(y)| dy
6 sup
x∈Ωn
∫
clΩ(Ωn)
||k(x, y)||L(E)|wk(y) − w(y)| dy
6 sup
x∈Ωn
||K(x)||
L∞
(
clΩ(Ωn),L(E)
) ||wk − w||L1( clΩ(Ωn),E) .
Since K ∈ C (Ω, L∞( clΩ(Ωn),L(E))) is continuous, sup
x∈Ωn
||K(x)||
L∞
(
clΩ(Ωn),L(E)
) < +∞. Thus
V(wk)
C(Ω,E)−−−−−→
k→∞
V(w), which means that the integral operator V : L1loc(Ω, E) → C(Ω, E) is
continuous. 
The hereunder multivalued Volterra integral equation with inhomogeneity presents a
version of inclusion (2), to which the first result regarding the existence of solutions is
devoted.
(12) u(x) ∈ g(x, u(x)) +
∫
Λ(x)
k(x, y)F(y, u(y)) dy, x ∈ Ω
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Put || · ||n := || · ||C(clΩ(Ωn),E) and
φ :=
{
ϕ : R+ → R+ : ϕ is nondecreasing usc and satisfies (13)
}
.
(13) ∀ x > 0 lim
n→∞
ϕn(x) = 0
Our hypotheses on the mapping g : Ω × E → E are as follows:
(g1) g is uniformly continuous on bounded subsets of Ω × E,
(g2) there exists a concave ϕ ∈ φ satisfying
(14) lim sup
x→0+
ϕ(x)
x
< 1
for which
|g(x, u) − g(x,w)| 6 ϕ(|u − w|)
for all u,w ∈ E and x ∈ Ω.
Theorem 7. AssumeΩ(Λ) , ∅ and τ (Λ) , ∅. Let (E) be satisfied. Suppose that hypothe-
ses (k1)-(k2), (g1)-(g2) and (F1)-(F5) hold, together with
(15) lim inf
n→∞
(an − ϕ(an) − ||g(·, 0)||n) > 0
for some (an)∞n=1 ∈ RN+ . Then the Volterra integral inclusion (12) has at leat one continuous
solution.
Remark 5. If Ω is bounded, then C(Ω, E) with the usual supremum norm is a Banach
space. In these circumstances condition (15) amounts to the existence of an r > 0, which
satisfies
ϕ(r) + sup
x∈Ω
|g(x, 0)| < r.
In this form, it resembles very much condition (3.20) in [17, Lemma 3.5].
Example 4. Fix k ∈ (0, 1).
(i) Let ϕ : R+ → R+ be given by ϕ(x) := kx.
(ii) Define ϕ : R+ → R+ by ϕ(x) := arctan(kx).
In both cases ϕ is concave, belongs to the class φ and satisfies (14).
Proof. Take (Ωn)∞n=1 ∈ Ω(Λ) and τ ∈ τ (Λ). From Lemma 3 and assumption (15) follows
the existence of N ∈ N and L ∈ RN\{1,...,N−1}+ , for which the following inequality is satisfied:
(16) Φ(Ln, b)n 6
an − ϕ(an) − ||g(·, 0)||n
sup
x∈Ωn
||K(x)||
L∞
(
clΩ(Ωn),L(E)
)(1 + an) .
We may assume w.l.o.g. that (Ln)∞n=N in nondecreasing. Let H : C(Ω, E) ⊸ C(Ω, E) be
given by the formula H := Ng + V ◦ NF . We will show the non-emptiness of Fix(H) with
the aid of a routine renorming technique. Namely, let
||u||Ln := sup
x∈Ωn
e−Lnτ(x)|u(x)| for u ∈ C(Ω, E).
Clearly, the family {||·||Ln }∞n=N generates the same compact-open topology onC(Ω, E), since
|| · ||Ln 6 || · ||n 6 eLn sup τ(Ωn)|| · ||Ln .
Put
(17) X :=
∞⋂
n=N
{
u ∈ C(Ω, E) : ||u||Ln 6 an
}
.
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It is easy to see that X forms closed and convex subset of the space C(Ω, E). Obviously,
X is topologically bounded, since it is bounded with respect to each seminorm || · ||Ln . We
claim that X is invariant under the operator H. Fix v ∈ H(X). Then v = Ng(u) + V(w) for
some w ∈ NF (u) and u ∈ X. One easily sees that
|v(x)| 6 |g(x, u(x))| +
∫
Λ(x)
||k(x, y)||L(E)|w(y)| dy
6 ϕ(|u(x)|) + ||g(·, 0)||n +
∫
Λ(x)
||k(x, y)||L(E)b(y)(1 + |u(y)|) dy.
Concavity of ϕ entails λϕ(x) 6 ϕ(λx) for λ ∈ (0, 1) and x ∈ R+. Hence, for each n > N one
has
||v||Ln 6 ϕ(||u||Ln) + ||g(·, 0)||n + sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n
(
1 + ||u||Ln
)
6 ϕ(an) + ||g(·, 0)||n + sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n(1 + an) 6 an,
(18)
where L∞n := L
∞( clΩ(Ωn),L(E)), by (16).
Now, we will show that H : X ⊸ X is acyclic. To this aim assume that un
C(Ω,E)−−−−−→
n→∞
u,
vn = Ng(un) + V(wn) and wn ∈ NF (un) for n > 1. By virtue of [18, Th.3.12.], the following
estimate remains in force
sup
x∈Ωk
β
(
{V(wn)(x)}∞n=1
)
= sup
x∈Ωk
β


∫
Λ(x)
k(x, y)wn(y) dy

∞
n=1
 6 4 supx∈Ωk
∫
Λ(x)
β
(
k(x, y){wn(y)}∞n=1
)
dy
6 4 sup
x∈Ωk
∫
Λ(x)
||k(x, y)||L(E) β
(
F
(
y, {un(y)}∞n=1
))
dy.
Since β
(
F
(
x, {un(x)}∞n=1
))
6 η(x)β
(
{un(x)}∞n=1
)
= 0 for a.a. x ∈ Ω, we conclude that
sup
x∈Ωk
β
(
{V(wn)(x)}∞n=1
)
= 0 for k > 1. On the other hand, we have
sup
x∈Ωk
lim
z→x
sup
n>1
|V(wn)(x) − V(wn)(z)| = sup
x∈Ωk
lim
z→x
sup
n>1
∣∣∣∣∣∣∣∣∣
∫
Λ(x)
k(x, y)wn(y) dy −
∫
Λ(z)
k(z, y)wn(y) dy
∣∣∣∣∣∣∣∣∣
6 sup
x∈Ωk
lim
z→x
sup
n>1
∫
Ωk
||k(x, y) − k(z, y)||L(E)|wn(y)|1Λ(x) dy
+ sup
x∈Ωk
lim
z→x
sup
n>1
∫
Ωk
||k(z, y)||L(E)|wn(y)|
∣∣∣1Λ(x) − 1Λ(z)∣∣∣ dy
6 R sup
x∈Ωk
lim
z→x
||K(x) − K(z)||
L∞
(
Ωk ,L(E)
) ||b||
L1
(
Ωk
)
+ R sup
x∈Ωk
lim
z→x
||K(z)||
L∞
(
Ωk ,L(E)
) ∫
Λ(x)△Λ(z)
b(y) dy
= R sup
x∈Ωk
||K(x)||
L∞
(
Ωk ,L(E)
)lim
z→x
∫
Λ(x)△Λ(z)
b(y) dy = 0,
(19)
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where R := 1 + sup
n>1
||un||k. Therefore, the family
{
Ng(un) + V(wn)
}∞
n=1
forms a relatively
compact subset of C(Ω, E). Consequently, there exists (mn)∞n=1 ∈ NN such that vmn =
Ng(umn) + V(wmn)
C(Ω,E)−−−−−→
n→∞
z. In view of Lemma 4, wmn
L1loc(Ω,E)−−−−−−⇀
n→∞
w ∈ NF (u), up to a
subsequence. Taking into account that V ∈ C
(
(L1loc(Ω, E),w), (C(Ω, E),w)
)
and Ng ∈
C(C(Ω, E),C(Ω, E)), one may deduce vmn = Ng(umn) + V(wmn)
C(Ω,E)−−−−−⇀
n→∞
Ng(u) + V(w).
Eventually, vmn
C(Ω,E)−−−−−→
n→∞
Ng(u) + V(w) ∈ H(u). Summing up, H is an upper semicontinuous
operator with compact and convex values.
Put rn := exp
(
Ln sup τ(Ωn)
) · an for n > N. Upper semicontinuity of ϕ and assumption
(14) imply
∀ n > N ∃ λn ∈ (0, 1) sup
0<x6rn
ϕ(x)
x
6 λn.
Whence
(20) ∀ n > N ∃ kn ∈ (0, 1) ∀ x ∈ (0, rn] ϕ(x) + knx < x.
In view of Lemma 3 there exists Lˆ ∈ RN\{1,...,N−1}+ such that
4 sup
x∈Ωn
||K(x)||L∞n Φ(Lˆn, η)n < kn
for n > N. Let ψn : R+ → R+ be such that ψn(x) := ϕ(x) + knx. Notice that ψn is concave
and for all x ∈ R+ one has ψn(x) − x 6 0, by (20) and (13) (actually, ψn(x) < x for x > 0).
Define f : RN\{1,...,N−1}+ × RN\{1,...,N−1}+ →
(
RN\{1,...,N−1},>
)
by the formulae
f
(
(xn)
∞
n=N , (yn)
∞
n=N
)
= (ψn(yn) − xn)∞n=N .
Clearly, f ∈ Φ. Our next goal is to show that the operatorH : X⊸ Xmeets the assumption
(3) of Theorem 1 in the context of some measure of nonequicontinuity and the mapping f .
Suppose that M ⊂ X is not relatively compact. Note that
(21) sup
x∈Ωn
||M(x)||+ 6 exp (Ln sup τ(Ωn))||M||+Ln 6 rn
for each n > N. Since β(g(x,M(x))) 6 ϕ (ε + β(M(x))) for every ε > 0 one has
β(g(x,M(x))) 6 lim sup
ε→0+
ϕ(ε + β(M(x))) 6 ϕ(β(M(x)))
for x ∈ Ω. On the other hand, for each x ∈ Ωn and n > 1 one has
β (NF (M)(x)) 6 β(F(x,M(x))) 6 η(x)β(M(x)) 6 e
Lˆnτ(x)η(x)βLˆn (M).
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Taking into account above findings, one sees that
βLˆn (H(M))
6 sup
x∈Ωn
e−Lˆnτ(x)
ϕ (β(M(x))) + β


∫
Λ(x)
k(x, y)w(y) dy : w ∈ NF (M)



6 sup
x∈Ωn
e−Lˆnτ(x)ϕ(β(M(x))) + 4 sup
x∈Ωn
e−Lˆnτ(x)
∫
Λ(x)
||k(x, y)||L(E) β (NF (M)(y)) dy
6 ϕ
(
βLˆn (M)
)
+ 4 sup
x∈Ωn
||K(x)||L∞n sup
x∈Ωn
e−Lˆnτ(x)
∫
Λ(x)
eLˆnτ(y)η(y) dy βLˆn(M)
= ϕ
(
βLˆn (M)
)
+ 4 sup
x∈Ωn
||K(x)||L∞n Φ(Lˆn, η)n βLˆn (M) 6 ϕ
(
βLˆn (M)
)
+ knβLˆn (M)
= ψn
(
βLˆn (M)
)
(22)
for n > N. In the above estimation we utilized the fact that (Ωn)∞n=1 isΛ-invariant. Theorem
[18, Th.3.12.] was also applied.
Observe that
sup
x∈Ωn
lim
z→x
sup
u∈M
|g(x, u(z))− g(z, u(z))| = 0,
by (g1). Taking into account that lim sup
z→x
ϕ(ψ(z)) 6 ϕ
(
lim sup
z→x
ψ(z)
)
for any ψ : R+ → R+,
one may estimate
sup
x∈Ωn
lim
z→x
sup
u∈M
|Ng(u)(x) − Ng(u)(z)|
6 sup
x∈Ωn
lim
z→x
sup
u∈M
(|g(x, u(x)) − g(x, u(z))| + |g(x, u(z)) − g(z, u(z))|)
6 sup
x∈Ωn
lim
z→x
sup
u∈M
ϕ(|u(x) − u(z)|) + sup
x∈Ωn
lim
z→x
sup
u∈M
|g(x, u(z))− g(z, u(z))|
6 sup
x∈Ωn
ϕ
(
lim
z→x
sup
u∈M
|u(x) − u(z)|
)
6 ϕ(en(M))
At the same time
sup
x∈Ωn
lim
z→x
sup
w∈NF (M)
|V(w)(x) − V(w)(z)| 6 (1 + ||M||+n ) sup
x∈Ωn
lim
z→x
||K(x) − K(z)||L∞n ||b||L1(Ωn)
+
(
1 + ||M||+n
)
sup
x∈Ωn
||K(x)||L∞n lim
z→x
∫
Λ(x)△Λ(z)
b(y) dy
= 0,
by (19). Therefore
en(H(M)) = sup
x∈Ωn
lim
z→x
sup
v∈H(M)
|v(x) − v(z)|
6 sup
x∈Ωn
lim
z→x
sup
u∈M
|Ng(u)(x) − Ng(u)(z)| + sup
x∈Ωn
lim
z→x
sup
w∈NF (M)
|V(w)(x) − V(w)(z)|
6 ϕ(en(M)).
(23)
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for n > N. Taking into consideration (22) and (23) we may sum up
1
2
νN
Lˆ
(H(M))n =
1
2
βLˆn (H(M)) +
1
2
en(H(M)) 6
1
2
ψn
(
βLˆn (M)
)
+
1
2
ϕ(en(M))
6
1
2
ψn
(
βLˆn (M)
)
+
1
2
ψn(en(M)) 6 ψn
(
1
2
βLˆn (M) +
1
2
en(M)
)
.
for n > N. Denoting ν˜N
Lˆ
:= 12ν
N
Lˆ
one may rewrite the latter inequality in the following form
ν˜N
Lˆ
(H(M))n 6 ψn
(
ν˜N
Lˆ
(M)n
)
.
Since M is noncompact, there must be an index n0 > N such that ν˜N
Lˆ
(M)n0 > 0. So, we
are dealing with the alternative: βLˆn0
(M) > 0 or en0(M) > 0.In both cases, it follows from
(22) and (23) respectively that ν˜N
Lˆ
(H(M))n0 < ν˜
N
Lˆ
(M)n0 . Thus, f
(
ν˜N
Lˆ
(H(M)), ν˜N
Lˆ
(M)
)
, 0.
The latter means that f
(
ν˜N
Lˆ
(H(M)), ν˜N
Lˆ
(M)
) ∈ RN\{1,...,N−1}+ \ {0}, i.e. assumption (3) of
Theorem 1 is met. In connection with that, Fix(H) must be nonempty. Consequently, the
integral inclusion (12) possesses a continuous solution. 
Corollary 1. Let (E) be satisfied. Assume Ω(Λ) , ∅ and there exists a continuous τ ∈
τ (Λ). Suppose there exists a nondecreasing positively homogeneous usc at zero function
θ : R+ → R+ with θ(0) = 0 and a concave function ϕ ∈ φ satisfying (14), for which
(24) |g(x, u) − g(y,w)| 6 θ(|x − y|) + ϕ(|u − w|) for all (x, u), (y,w) ∈ Ω × E.
Assume further that hypotheses (k1)-(k2) and (F1)-(F5) hold. Then the Volterra integral
inclusion (12) has at leat one continuous solution.
Proof. Notice that (24) entails (g1)–(g2). Fix any r > 0. Clearly, inf τ(Ωn) > 0 for each
n ∈ N, by continuity of τ. Since θ is usc at zero and
sup
x∈Ωn
e−Lτ(x)|x| 6 e−L inf τ(Ωn)||Ωn||+ −−−−−→
L→+∞
0,
we may choose in accordance with the latter and Lemma 3 a sequence L ∈ RN+ for which
r − ϕ(r) − θ(||Ωn||+Ln) − sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n(1 + r) > 0.
Modify definition (17) in the following way
X :=
∞⋂
n=1
{
u ∈ C(Ω, E) : ||u||Ln 6 r
}
.
In connection with the above, inequality (18) will gain the form
||v||Ln 6 ϕ(||u||Ln) + sup
x∈Ωn
e−Lnτ(x)θ(|x|) + sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n
(
1 + ||u||Ln
)
6 ϕ(r) + θ(||Ωn||+Ln) + sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n(1 + r) 6 r.
(25)
Consequently, the set X is invariant under the operator H. In the context of proof of
Theorem 7 it is clear that the integral inclusion (12) possesses a continuous solution. 
Corollary 2. Assume Ω(Λ) , ∅ and τ (Λ) , ∅. Let (E) be satisfied. Suppose that
hypotheses (k1)-(k2) and (F1)-(F5) hold. If assumptions (g1)-(g2) are satisfied with the
proviso that ϕ ∈ φ is given by ϕ(x) := kx for some k ∈ (0, 1) and R := sup
x∈Ω
|g(x, 0)| < ∞,
then the solution set of the Volterra integral inclusion (12) is nonempty and compact in the
compact-open topology of C(Ω, E).
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Proof. Take (Ωn)∞n=1 ∈ Ω(Λ) and τ ∈ τ (Λ). Put an := n. Clearly,
lim inf
n→∞
(an − ϕ(an) − ||g(·, 0)||n) = lim
n→∞
(1 − k)n − R = +∞ > 0.
From Lemma 3 follows the existence of L ∈ RN\{1,...,N−1}+ , for which the following inequality
is satisfied:
(26) Φ(Ln, b)n 6
n − kn − R
sup
x∈Ωn
||K(x)||L∞n (1 + n)
.
Consider X given by (17). Denote by S the solution set of the problem (12). We show
that H(X) ⊂ X and at the same time S ⊂ X. To this aim fix v = Ng(u) + V(w) ∈ Ng(u) +
V(NF(u)) ⊂ H(X) and uˆ ∈ S. Since |g(x, u)| 6 k|u| + |g(x, 0)|, we arrive at
||v||Ln 6 k||u||Ln + ||g(·, 0)||n + sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n
(
1 + ||u||Ln
)
6 kn + R + sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n(1 + n) 6 n,
which means that X is H-invariant. On the other hand, from
||uˆ||Ln 6 k||uˆ||Ln + R + sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n
(
1 + ||uˆ||Ln
)
,
it follows
||uˆ||Ln 6
R + sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n
1 − k − sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n
6 n,
by (26) and inclusion S ⊂ X follows.
The rest of the proof proceeds analogously to the proof of Theorem 7. In particular, the
fixed point set Fix(H) is compact in the compact-open topology of the space C(Ω, E), in
view of Theorem 1. Since S = Fix(H), the solution set of (12) must be also compact. 
The successive existence theorem applies to the following generalization of the integral
inclusion (12):
(27) u(x) ∈ g
(
x, u(x),
∫
Λ(x)
k(x, y)F(y, u(y)) dy
)
, x ∈ Ω,
where g : Ω × E × E → E satisfies
(g′1) g is uniformly continuous on bounded subsets of Ω × E × E,
(g′2) there exists a nondecreasing positively homogeneous usc at zero map ϑ : R+ → R+
such that ϑ(x) 6 x for x ∈ R+ and a concave function ϕ ∈ φ satisfying (14) for
which
|g(x, u1, u2) − g(x,w1,w2)| 6 ϕ(|u1 − w1|) + ϑ(|u2 − w2|)
on Ω × E × E.
Theorem 8. AssumeΩ(Λ) , ∅ and τ (Λ) , ∅. Let (E) be satisfied. Assume that conditions
(k1)-(k2), (g′1)–(g
′
2) and (F1)–(F5) hold. If the following inequality is satisfied
(28) lim inf
n→∞
(an − ϕ(an) − ||g(·, 0, 0)||n) > 0
for some (an)∞n=1 ∈ RN+ , then the solution set of Volterra integral inclusion (27) is nonempty.
Remark 6. Each concave function ϑ ∈ φ meets demands of the proof of Theorem 8.
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Proof. Fix (Ωn)∞n=1 ∈ Ω(Λ) and τ ∈ τ (Λ). Define multimaps F ,H : C(Ω, E) ⊸ C(Ω, E)
in the following way F := V ◦ NF and H := Ng ◦ (I × F ). As shown previously the
operator I × F : C(Ω, E) ⊸ C(Ω, E) × C(Ω, E) is usc with compact convex values. Since
Ng : C(Ω, E) × C(Ω, E)→ C(Ω, E) is continuous, the multimap H is admissible.
Taking into account assumption (28) and upper semicontinuity of ϑ at zero, we may
choose (Ln)∞n=N ⊂ R+ such that
ϑ
(
sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n(1 + an)
)
6 an − ϕ(an) − ||g(·, 0, 0)||n.
For v ∈ H(u) ⊂ H(X) and n > N one has
||v||Ln 6 ϕ(||u||Ln) + ||g(·, 0, 0)||n + ϑ
(
sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n
(
1 + ||u||Ln
))
6 ϕ(an) + ||g(·, 0, 0)||n + ϑ
(
sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n(1 + an)
)
6 an
Therefore, H(X) ⊂ X.
Let Lˆ ∈ RN\{1,...,N−1}+ be such that
4 sup
x∈Ωn
||K(x)||L∞n Φ(Lˆn, η)n 6 kn,
where kn ∈ (0, 1) is the constant introduced in (20). Then
ϕ(x) + ϑ
(
4 sup
x∈Ωn
||K(x)||L∞n Φ(Lˆn, η)nx
)
6 ϕ(x) + 4 sup
x∈Ωn
||K(x)||L∞n Φ(Lˆn, η)nx
6 ϕ(x) + knx
(29)
for every n > N and each x ∈ (0, rn]. Suppose that M ⊂ X is not relatively compact.
Observe that
β(H(M)(x)) = β({g(x, u(x),V(w)(x)) : u ∈ M,w ∈ NF (u)}) 6 β(g({x} × M(x) × F (M)(x)))
6 ϕ(β(M(x))) + ψ(β(F (M)(x))).
for every x ∈ Ω. Therefore, taking into account (22) and (29), we arrive at
βLˆn (H(M)) 6 ϕ
(
βLˆn (M)
)
+ ϑ
(
4 sup
x∈Ωn
||K(x)||L∞n Φ(Lˆn, η)n βLˆn (M)
)
6 ψn
(
βLˆn (M)
)
for n > N. Since g is in particular uniformly continuous on the set
Ωn+1 × D(0, rn+1) × D
(
0, sup
x∈Ωn+1
||K(x)||L∞
n+1
||b||
L1
(
clΩ(Ωn+1)
) (1 + rn+1)
)
,
we see that
(30) sup
x∈Ωn
lim
z→x
sup
u∈M
w∈NF (u)
|g(x, u(z),V(w)(z))− g(z, u(z),V(w)(z))| = 0.
It follows from (19) that lim
z→x
sup
w∈NF (M)
|V(w)(x)−V(w)(z)| = 0 for every x ∈ Ωn. Whence, for
all x ∈ Ωn
(31) lim
z→x
ϑ
(
sup
w∈NF (M)
|V(w)(x) − V(w)(z)|
)
6 lim
z→0+
ϑ(z) 6 0,
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because ϑ is usc at zero. In accordance with by (30) and (31), one may estimate
en(H(M)) = sup
x∈Ωn
lim
z→x
sup
u∈M
w∈NF (u)
|g(x, u(x),V(w)(x))− g(z, u(z),V(w)(z))|
6 sup
x∈Ωn
lim
z→x
sup
u∈M
w∈NF (u)
|g(x, u(x),V(w)(x))− g(x, u(z),V(w)(z))|
6 sup
x∈Ωn
lim
z→x
sup
u∈M
ϕ(|u(x) − u(z)|) + sup
x∈Ωn
lim
z→x
sup
w∈NF (M)
ϑ(|V(w)(x) − V(w)(z)|)
6 ϕ(en(M)).
It becomes clear, therefore, that the previously obtained estimation remains in force i.e.,
1
2
νN
Lˆ
(H(M))n 6 ψn
(
1
2
βLˆn (M) +
1
2
en(M)
)
.
Completely analogous reasoning as in the proof of Theorem 7 leads to the conclusion that
the multimap H : X ⊸ X meets the assumptions of Theorem 1. The latter means that the
solution set of the integral inclusion (27) is nonempty. 
Corollary 3. Assume Ω(Λ) , ∅ and τ (Λ) , ∅. Let (E) be satisfied. Suppose that
hypotheses (k1)-(k2) and (F1)-(F5) hold. If assumptions (g′1)-(g
′
2) are satisfied with the
proviso that ϕ ∈ φ is given by ϕ(x) := kx for some k ∈ (0, 1) and R := sup
x∈Ω
|g(x, 0, 0)| < ∞,
then the solution set of the Volterra integral inclusion (27) is nonempty and compact in the
compact-open topology of C(Ω, E).
The third problem to which we give a careful consideration is the integral inclusion of
the form (2) with the proviso thatG : Ω × RM × RM ⊸ RM satisfies
(G1) G has compact convex values,
(G2) for every (x1, u1,w1), (xx, u2,w2) ∈ Ω × E × E one has
h(G(x1, u1,w1),G(x2, u2,w2)) 6 Lmax{|x1 − x2|, |u1 − u2|, |w1 − w2|}
with
L <
√
πΓ
(
M+1
2
)
2Γ
(
M
2 + 1
)
and F : Ω × RM ⊸ RM is the set-valued map such that
(FM1 ) for every (x, u) ∈ Ω × RM the set F(x, u) is nonempty compact and convex,
(FM2 ) the map F(·, u) has a measurable selection for every u ∈ RM ,
(FM3 ) the map F(x, ·) is upper semicontinuous for a.a. x ∈ Ω,
(FM4 ) there exists b ∈ L1loc(Ω) such that
||F(x, u)||+ 6 b(x)(1 + |u|) a.e. on Ω, for all u ∈ RM .
Theorem 9. Assume Ω(Λ) , ∅ and τ (Λ) , ∅. Suppose that hypotheses (k1)-(k2), (G1)–
(G2) and (F
M
1 )–(F
M
4 ) hold. Then (2) has at least one continuous solution.
Proof. Fix (Ωn)∞n=1 ∈ Ω(Λ) and τ ∈ τ (Λ). Let H(RM) denote the space of nonempty
convex compact subsets of RM , endowed with the Hausdorff-Pompeiu metric. In view of
[9, Proposition 2.19] the Steiner point map S : H(RM) → RM is a Lipschitz selection with
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Lipschitz constant 2π−
1
2 Γ
(
M
2 + 1
)
/Γ
(
M+1
2
)
. Define g : Ω×RM ×RM → RM by g := S ◦G.
Then g is a Lipschitz selection of G with Lipschitz constant
L˜ :=
2LΓ
(
M
2 + 1
)
√
πΓ
(
M+1
2
) < 1.
If the domain Ω is unbounded, then (||Ωn||+)∞n=1 converges to infinity. Put an := k||Ωn||+
with k > (1 − L˜)−1. This definition enables us to estimate
lim inf
n→∞
(an − ϕ(an) − ||g(·, 0, 0)||n) > lim inf
n→∞
(
an − L˜an − L˜||Ωn||+ − ||G(0, 0, 0)||+
)
= lim
n→∞
(
(1 − L˜)k − 1
)
||Ωn||+ − ||G(0, 0, 0)||+ = +∞.
Suppose, then, that Ω is bounded. Since sup
n>1
||Ωn||+ < +∞, one has
lim inf
n→∞
(an − ϕ(an) − ||g(·, 0, 0)||n) > lim inf
n→∞
(
(1 − L˜)an − L˜ sup
k>1
||Ωk||+− ||G(0, 0, 0)||+
)
=+∞,
for any (an)∞n=1 ∈ RN+ with limn→∞ an = +∞. These arguments justify (28).
It is clear that g satisfies (g′1)–(g
′
2). Since (F1)–(F5) also hold, the integral inclusion (27)
possesses a solution, by Theorem 8. Obviously, this is also a solution of (2). 
The observation that the uniform continuity of the selection g of the mapG : Ω×E ⊸ E
is sufficient from the point of view of the solutions’ existence is confirmed in the following
theorem:
Theorem 10. Assume Ω(Λ) , ∅ and τ (Λ) , ∅. Let E be a uniformly convex Banach
space. Suppose that hypotheses (k1)-(k2), (F1)-(F5) and
(G′1) G is a multivalued map with nonempty convex compact values,
(G′2) there exist upper semicontinuous functions θ, ϕ : R+ → R+ such that θ(0) = 0 and
ϕ(x) 6 x for x ∈ R+, for which one has
h(G(x, u),G(y,w)) 6 θ(|x − y|) + ϕ(|u − w|)
on Ω × E.
hold. Further, assume that
(32) lim inf
n→∞
(
an − sup
x∈Ωn
θ(|x|)
)
> ||G(0, 0)||+
for some (an)∞n=1 ∈ RN+ . Then the following integral inclusion
(33) u(x) ∈ G
(
x,
∫
Λ(x)
k(x, y)F(y, u(y)) dy
)
, x ∈ Ω
has at least one continuous solution.
Remark 7. Assumption (32) is achievable. Indeed, suppose for instance that
lim sup
x→+∞
θ(x)
x
< 1.
Since θ is usc, sup
x∈Ωn
θ(|x|) 6 θ(|xn|) for some xn ∈ Ωn. Then we are dealing with two possible
cases. Let us first assume that sup
n∈N
|xn| < +∞. Then sup
n∈N
θ(|xn|) < ∞ and
lim inf
n→∞
(an − sup
x∈Ωn
θ(|x|)) = +∞
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for each (an)∞n=1 ∈ RN+ with limn→∞ an = +∞. If there is the case limn→∞ |xn| = +∞, then
lim inf
n→∞
(an − sup
x∈Ωn
θ(|x|)) := lim inf
n→∞
((L + 1)||Ωn||+ − sup
x∈Ωn
θ(|x|))
> lim inf
n→∞
((L + 1)||Ωn||+ − θ(|xn|)) > lim inf
n→∞
((L + 1)||Ωn||+ − L|xn|)
> lim inf
n→∞
((L + 1)||Ωn||+ − L||Ωn||+) = lim
n→∞
||Ωn||+ > 0,
where lim sup
x→+∞
θ(x)
x
< L < 1.
Proof. Let H(E) denote the space of nonempty closed convex and bounded subsets of E,
endowed with the Hausdorff-Pompeiu metric. By virtue of [9, Theorem 1.24] there exists
a selector φ : H(E) → E which is uniformly continuous on bounded subsets of H(E).
Define g : Ω × E → E by g(x, u) := φ(G(x, u)). Observe that
||G(x, u)||+ 6 θ(|x|) + ϕ(|u|) + ||G(0, 0)||+.
This means thatG maps bounded subsets of Ω×E into bounded subsets of E. Assumption
(G2) and the upper semicontinuity of θ and ϕ at zero imply uniform continuity of g on
bounded subsets.
Define H : C(Ω, E)⊸ C(Ω, E) by the formulae H := Ng ◦F . It is a matter of routine to
check that Ng ∈ C(C(Ω, E),C(Ω, E)). As we have managed to appoint previously, the map
F is admissible. Thus, H must be admissible.
In view of (32) one has
lim inf
n→∞
(
an − sup
x∈Ωn
θ(|x|)) − ||G(0, 0)||+
)
> 0,
which means that one may choose (Ln)∞n=N ⊂ R+ in such a way that
Φ(Ln, b)n 6
an − sup
x∈Ωn
θ(|x|)) − ||G(0, 0)||+
sup
x∈Ωn
||K(x)||L∞n (1 + an)
.
Let X be given by (17). For v ∈ H(X) and n > N one has
||v||Ln 6 sup
x∈Ωn
||K(x)||L∞n Φ(Ln, b)n(1 + an) + sup
x∈Ωn
θ(|x|) + ||G(0, 0)||+ 6 an.
Hence, H(X) ⊂ X.
Suppose that M ⊂ X is not relatively compact. Observe that
β(H(M)(x)) 6 β(g({x} × F (M)(x))) 6 β(G({x} × F (M)(x))) 6 ϕ(β(F (M)(x)))
for every x ∈ Ω (the assumption that G is compact valued is here indispensable). In view
of Lemma 3 one may choose sequences Lˆ ∈ RN\{1,...,N−1}+ and (kn)∞n=N in the following way
(34) 4 sup
x∈Ωn
||K(x)||L∞n Φ(Lˆn, η)n < kn < 1.
Therefore, in view of (22)
βLˆn (H(M)) 6 sup
x∈Ωn
e−Lˆnτ(x)ϕ (β(F (M)(x))) 6 sup
x∈Ωn
e−Lˆnτ(x)β(F (M)(x)) = βLˆn (F (M))
6 4 sup
x∈Ωn
||K(x)||L∞n Φ(Lˆn, η)n βLˆn (M)
(35)
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for n > N. Since g is in particular uniformly continuous on the set Ωn+1 × D(0,R) with
R := sup
x∈Ωn+1
||K(x)||L∞
n+1
||b||
L1
(
clΩ(Ωn+1)
) (1 + rn+1), we see that
sup
x∈Ωn
lim
z→x
sup
u∈M
w∈NF (u)
|g(x,V(w)(z)) − g(z,V(w)(z))| = 0.
Moreover, since Ωn is precompact and en(F (M)) = 0 one easily sees that for every ε > 0
∃ δ > 0∀ x ∈ Ωn ∀ u1, u2 ∈ D(0,R) |u1 − u2| < δ⇒ |g(x, u1) − g(x, u2)| < ε
and
∃ γ > 0∀ x ∈ Ωn ∀ z ∈ B(x, γ) sup
w∈NF (M)
|V(w)(x) − V(w)(z)| < δ.
In other words, for every ε > 0
sup
x∈Ωn
inf
γ>0
sup
z∈B(x,γ)
sup
w∈NF (M)
|g(x,V(w)(x)) − g(x,V(w)(z))| < ε.
It follows that for each n > N
en(H(M)) = sup
x∈Ωn
lim
z→x
sup
w∈NF (M)
|g(x,V(w)(x)) − g(z,V(w)(z))|
6 sup
x∈Ωn
lim
z→x
sup
w∈NF (M)
|g(x,V(w)(x)) − g(x,V(w)(z))|
= 0.
(36)
Considering properties (35) and (36) one sees that
νN
Lˆ
(H(M))n 6 4 sup
x∈Ωn
||K(x)||L∞n Φ(Lˆn, η)n βLˆn (M) 6 4 sup
x∈Ωn
||K(x)||L∞n Φ(Lˆn, η)n νNLˆ (M)n
for n > N. Taking into account coefficients (kn)∞n=1 characterized by (34) we may define
the function f : RN\{1,...,N−1}+ ×RN\{1,...,N−1}+ → RN\{1,...,N−1} using formulae (6). It is clear that
f
(
νN
Lˆ
(H(M)), νN
Lˆ
(M)
) ∈ RN\{1,...,N−1}+ \ {0}.
Hence the assumption (3) of Theorem 1 is met and the existence of fixed points of H
follows. 
5. Examples
Example 5. Let’s modify [7, Example 4.1] a bit. Consider the following equation
(37) x(t) = te−(1+t
2) + ln(λ + |x(t)|) +
|t|∫
sin t
et
2
(cos(x(s)) + 2) ds, t ∈ R,
where λ > 1. It is easy to see that
sup

∣∣∣∣∣∣∣∣∣
|t|∫
sin t
et
2
(cos(x(s)) + 2) ds
∣∣∣∣∣∣∣∣∣ : t ∈ R, x ∈ BC(R)
 = +∞
and
lim
|t|→∞
∣∣∣∣∣∣∣∣∣
|t|∫
sin t
et
2
(cos(0) + 2) − et2
(
cos
(
π
2
)
+ 2
)
ds
∣∣∣∣∣∣∣∣∣ = +∞.
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Therefore, the application of [7, Theorem 3.1] must fail. However, assumptions (k1)-(k2),
(g1)-(g2) and (F1)-(F5) are satisfied for
k(t, s) := exp(t2)
F(t, x) := cos(x) + 2
g(t, x) := te−(1+t
2) + ln(λ + |x|).
DefineΛ : R → L(R) byΛ(t) := (sin t, |t|) andΩn := (−n, n). Clearly, equation (37) poses a
particular case of the inclusion (12). Since ||Λ(t)||+ 6 |t| for t ∈ R, one has (Ωn)∞n=1 ∈ Ω(Λ)
and τ (Λ) , ∅. Furthermore, condition (15) is met, because
lim inf
n→∞
(n − ϕ(n) − ||g(·, 0)||n) = lim
n→∞
(
an − 1
λ
an − sup
t∈(−n,n)
|t|e−(1+t2) − ln λ
)
> lim
n→∞
((
1 − 1
λ
)
an − e−1n − ln λ
)
= +∞
for an := kn with k >
λe−1
λ−1 . In connection with the above, equation (37) has at least one
continuous solution by virtue of Theorem 7.
Example 6. Theorem 3.1 in [7] is failing even in the case of the most elementary Volterra
equations of the second kind as the following example illustrates:
(38) u(x) = A +
x∫
a
u(y) dy, x ∈ (a,∞)
with a > 0 and A ∈ R. Obviously, equation (38) possesses a unique continuous solution
u0 : (a,∞) → R of the form u0(x);= A exp(x − a). This function is unbounded, so [7,
Theorem 3.1] does not detect it.
Define Λ : (a,∞) → L((a,∞)) by Λ(x) := (a, x) and Ωn := (a, a + n). Then (Ωn)∞n=1 ∈
Ω(Λ). Moreover, τ (Λ) , ∅. Let
k(x, y) := 1
F(x, u) := {u}
g(x, u) := A,
ϕ(x) := kx for some k ∈ (0, 1).
Clearly, assumptions (k1)-(k2), (g1)-(g2) and (F1)-(F5) are met. At the same time
lim inf
n→∞
(n − ϕ(n) − ||g(·, 0)||n) = lim
n→∞
((1 − k)n − A) = +∞.
It is therefore clear that Theorem 7 does detect the existence of the solution u0.
Example 7. Consider the following problem:
(39)
utt − ∆u = g1 ⋆ f2(t) + ∆
∫ t
0
g2 ⋆ f1(s) ds in (0,∞) × RN
f1(t, x) ∈
[
h11
(
t, x,
∫
Rn
k1(t, y)u(t, y) dy
)
, h12
(
t, x,
∫
Rn
k2(t, y)u(t, y) dy
)]
in (0,∞) × RN
f2(t, x) ∈
[
h21
(
t, x,
∫
Rn
k1(t, y)u(t, y) dy
)
, h22
(
t, x,
∫
Rn
k2(t, y)u(t, y) dy
)]
in (0,∞) × RN
ut(0) = u˚2 on Rn
u(0) = u˚1 on Rn,
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where ∆ is the Laplace operator, gi ∈ L1(RN) and ki(t, ·) ∈ L2(RN) for a.a. t ∈ (0,∞) and
i = 1, 2. Let 〈·, ·〉 denote the inner product in L2(RN).
Definition 5. By the weak solution of the problem (39) we mean w ∈ C(R+, L2(RN)) such
that for every v ∈ H2(RN) the function 〈w(·), v〉 is twice differentiable and w satisfies

d2
dt2
〈w(t), v〉 = 〈w(t),∆v〉 + 〈g2 ⋆ f2(t), v〉 +
〈∫ t
0
g1 ⋆ f1(s) ds,∆v
〉
a.e. on (0,∞)
d
dt
〈w(t), v〉
t=0 = 〈u˚2, v〉
w(0) = u˚1
for some functions f1, f2 ∈ L1loc(R+, L2(RN)) such that
h11
(
t, x,
∫
RN
∫ t
0
k1(t, y)w(s, y) dsdy
)
6 f1(t, x) 6 h
1
2
(
t, x,
∫
RN
∫ t
0
k2(t, y)w(s, y) dsdy
)
h21
(
t, x,
∫
RN
k1(t, y)(w(t, y) − u˚1(y)) dy
)
6 f2(t, x) 6 h
2
2
(
t, x,
∫
RN
k2(t, y)(w(t, y) − u˚1(y)) dy
)
for a.a. t ∈ (0,∞) and a.a. x ∈ RN .
Our hypotheses on hi
j
: (0,∞) × RN × R → R are the following:
(h1) for i = 1, 2 and for any u ∈ L2(RN) there exists v ∈ L1loc(R+, L2(RN)) such that
hi1
(
t, x,
∫
RN
k1(t, y)u(y) dz
)
6 v(t, x) 6 hi2
(
t, x,
∫
RN
k2(t, y)u(y) dy
)
for a.a. t ∈ (0,∞) and a.a. x ∈ RN ,
(h2) for i = 1, 2, for a.a. t ∈ (0,∞) and for a.a. x ∈ RN the functions hi1(t, x, ·) are lower
semicontinuous while hi2(t, x, ·) are upper semicontinuous,
(h3) for i, j = 1, 2 there exists bi ∈ L1loc(R+) and ci : (0,∞) × RN × R+ → R such that
sup
|z|6||k j(t,·)||2r
|hij(t, x, z)| 6 ci(t, x, r)
and ∫
RN
c2i (t, x, r) dx 6 b
2
i (t)(1 + r)
2
for every r > 0, for a.a. t ∈ I and for a.a. x ∈ RN .
Theorem 11. If hypotheses (h1)-(h3) hold, then for every u˚1, u˚2 ∈ L2(RN) problem (39)
possesses a weak solution.
Proof. Let Ω := (0,∞), E := L2(Rn) × L2(Rn) and D(A) := H2(Rn) × L2(Rn). Assume that
the Hilbert space E is furnished with the norm
||(x, y)||E :=
(
||x||22 + ||y||22
) 1
2
.
The linear operator A : D(A) → E, given by A(u1, u2) := (u2,∆u1), generates an exponen-
tially bounded non-degenerate integrated semigroup {S (t)}t>0 on E such that
S (t)(u˚1, u˚2) =
(∫ t
0
w(s) ds,w(t) − u˚1
)
,
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where w ∈ C2([0,∞), L2(Rn)) satisfies
d2
dt2
〈w(t), v〉 = 〈w(t),∆v〉
d
dt
〈w(t), v〉
t=0 = 〈u˚2, v〉
w(0) = u˚1
for every v ∈ H2(Rn) (see [23, Th.7.1.]).
For i = 1, 2 define Fi : Ω × L2(Rn)⊸ L2(Rn) by the formula
Fi(t, u) :={
v ∈ L2(Rn) : hi1
(
t, x,
∫
Rn
k1(t, y)u(y) dy
)
6 v(x) 6 hi2
(
t, x,
∫
Rn
k2(t, y)u(y) dy
)
a.e. on Rn
}
.
Let F : Ω × E ⊸ E be a map given by F(t, u1, u2) := (g1 ⋆ F1(t, u1)) × (g2 ⋆ F2(t, u2)).
Consider the following Volterra integral inclusion
(40) u(t) ∈ S (t)(u˚1, u˚2) +
∫ t
0
S (t − s)F(s, u(s)) ds, t ∈ Ω.
Clearly, the above inclusion poses a special case of the problem (12).
Fix i ∈ {1, 2} and u ∈ L2(RN). Let vi ∈ L1loc(R+, L2(RN)) be the mapping existing in view
of the assumption (h1). Let (vin : Ω → L2(RN))∞n=1 be a sequence of simple functions such
that vin(t)
L2(RN )−−−−→
n→∞
vi(t) a.e. on Ω. By Young’s inequality
||gi ⋆ vin(t) − gi ⋆ vi(t)||2 = ||gi ⋆ (vin − vi)(t)||2 6 ||gi||1||vin(t) − vi(t)||2.
Whence gi ⋆ vin(t)
L2(RN )−−−−→
n→∞
gi ⋆ vi(t) a.e. on Ω i.e., the function gi ⋆ vi(·) is measurable.
Eventually, (g1⋆ v1(·))× (g2⋆ v2(·)) poses a strongly measurable selection of the multimap
F(·, u). In this manner assumption (F2) has been verified.
Take (u1, u2) ∈ E and (g1 ⋆ f1, g2 ⋆ f2) ∈ F(t, (u1, u2)). Then
| fi(x)| 6 max
{∣∣∣∣∣∣hi1
(
t, x,
∫
Rn
k1(t, y)ui(y) dy
)∣∣∣∣∣∣ ,
∣∣∣∣∣∣hi2
(
t, x,
∫
Rn
k2(t, y)ui(y) dy
)∣∣∣∣∣∣
}
6 ci(t, x, ||ui||2)
and || fi||2 6 bi(t)(1 + ||ui||2). Whence
||F(t, (u1, u2))||+2 6 ||g1||1b1(t)(1 + ||u1||2) + ||g2||2b2(t)(1 + ||u2||2)
6 max{||g1||1, ||g2||1}(b1(t) + b2(t))(1 + ||(u1, u2)||E)
i.e., (F4) is met. Let M ⊂ L2(RN) be bounded. Since Fi({t} × M) is relatively weakly
comapct, for each ε > 0 there is a measurable and bounded subset Ωε ⊂ RN such that
sup
f∈Fi ({t}×M)
||gi ⋆ f ||L2(RN\Ωε) 6 ||gi||1 sup
f∈Fi({t}×M)
|| f ||L2(RN\Ωε) < ε,
in view of the Dunford-Pettis theorem. On the other hand the set gi ⋆ Fi({t} × M) is 2-
equiintegrable (cf. [10, Corollary 4.28]). Therefore, gi ⋆ Fi({t} × M) satisfies hypotheses
of the Riesz-Kolmogorov theorem. Eventually, the image F({t} × M) is relatively compact
in the norm topology of E.
Since the operator gi⋆(·) : L2(RN) → L2(RN) is linear and continuous in the norm topol-
ogy, weak convergence fn
L2(RN )−−−−⇀
n→∞
f entails gi ⋆ fn
L2(RN )−−−−⇀
n→∞
gi ⋆ f . Therefore, the reiteration
of the arguments contained in the proof of [20, Theorem 8] leads to the conclusion that the
graph Gr(F(t, ·)) is sequentially closed in (E, || · ||E) × (E,w) for a.a. t ∈ Ω. Considering
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that the set-valued map F(t, ·) : (E, || · ||E) ⊸ (E,w) is quasi-compact, it must be must be
weakly upper semicontinuous. Consequently, assumption (F3) is verified. Moreover, F has
nonempty convex and weakly compact values.
Define Λ : Ω → L(R) by Λ(t) := (0, t) and Ωn := (0, n). Clearly, (Ωn)∞n=1 ∈ Ω(Λ) and
τ (Λ) , ∅. It is easily verifiable that functions g : Ω × E → E and k : ∆ → L(E) such
that g(t, u) := S (t)(u˚1, u˚2) and k(t, s) := S (t− s) satisfy assumptions (g1)-(g2) and (k1)-(k2),
respectively. As it comes to verification of assumption (15), one may take advantage of the
exponential bound of the semigroup {S (t)}t>0 and estimate
lim inf
n→∞
(an − ϕ(an) − ||g(·, 0)||n) = lim inf
n→∞
(
an − Lan − sup
t∈(0,n)
||S (t)(u˚1, u˚2)||E
)
> lim inf
n→∞
(
(1 − L)an − sup
t∈(0,n)
Meωt ||(u˚1, u˚2)||E
)
= lim
n→∞
((1 − L)an − Meωn||(u˚1, u˚2)||E) = +∞
for an := kMeωn||(u˚1, u˚2)||E with k > 11−L and L ∈ (0, 1) (the exact values of constants M, ω
have been estimated in [20]).
In view of Theorem 7 the Volterra integral inclusion (40) possesses a continuous solu-
tion u = (u1, u2) : (0,∞)→ E. A short glimpse at the definition of the semigroup {S (t)}t>0
and the set-valued perturbation F leads to the conclusion that the function u2 + u˚1 poses a
weak solution of the problem (39) (compare [23, Section 7]). 
Example 8. Consider the following problem:
(41)
∂Nu
∂x1 . . . ∂xN
(x) = f (x, u(x)) on RN+
whose solutions satisfy the boundary conditions
u(σ(1)x1, . . . , σ(N)xN) = uσ(xσ)
for σ ∈ {0, 1}{1,...,N} \ {σ ≡ 1, σ ≡ 0} and functions uσ are compatible with each other on
the boundary of respective domains RN−#σ
−1 (0)
+ . For the sake of typographical simplicity
put I := {0, 1}{1,...,N} \ {σ ≡ 1, σ ≡ 0}. Assume that functions f : RN+ × R → R and
uσ : R
N−#σ−1 (0)
+ → R for σ ∈ I are continuous. Assume also that | f (x, u)| 6 b(x)(1+ |u|) for
some b ∈ L1loc(RN+ ). In view of Fubini’s theorem the Cauchy problem (41) is equivalent to
the following Volterra integral equation
(42) u(x) =
∑
σ∈I
(−1)#σ−1(0)+1uσ(xσ) + (−1)N+1u(0) +
∫
N∏
i=1
(0,xi)
f (y, u(y)) ℓN(dy), x ∈ RN+ .
Define Λ : int(RN+ ) → L(RN) by Λ(x) :=
N∏
i=1
(0, xi) and Ωn := (0, n)N. Then (Ωn)∞n=1 ∈
Ω(Λ). Moreover, τ (Λ) , ∅ (cf. Example 3(a)). Let
k(x, y) := 1
F(x, u) := { f (x, u)}
g(x, u) :=
∑
σ∈I
(−1)#σ−1(0)+1uσ(xσ) + (−1)N+1u(0),
ϕ(x) := Lx for some L ∈ (0, 1).
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Clearly, assumptions (k1)-(k2), (g1)-(g2) and (F1)-(F5) are met. Notice that #I = 2N − 2
and
Rn :=
∑
σ∈I
sup
x∈(0,n)N
|uσ(xσ)| + |u(0)| < +∞.
Since ||g(·, 0)||n 6 Rn, one obtains for an := kRn with k > (1 − L)−1
lim inf
n→∞
(an − ϕ(an) − ||g(·, 0)||n) > lim inf
n→∞
((1 − L)k − 1)Rn > 0
(just assume that u(0) , 0). Summing up, all the hypotheses of Theorem 7 are met. Con-
sequently, there exists a continuous function u : RN+ → R for which the integral equation
(42) is satisfied. This map poses a classical solution of the initial value problem (41).
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